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ALL ABOUT THE RATE OF RETURN

by

Gerrit M. de Wit.

INTRODUCTION

General
1. Rate of return calculations are widely used in economics and finance. For instance, an entrepreneur may calculate the rate of return (RR) of an anticipated series of expenditures and revenues from a proposed business venture. An investor may determine his RR on a stock transaction. Or an economist may calculate the rate of return on an proposed investment in say a highway bridge, taking into account the cost of the bridge and savings in vehicle wear, gasoline, accidents, etc.  The system cannot well be applied when it is difficult or impossible to place numerical values on the anticipated or realized returns as, for instance, in case of investments in environmental schemes or health and education projects. But when the returns are tangible and quantifiable, the rate of return concept is a valuable tool. And we apply it almost automatically. Too routinely, perhaps? 

2. As will be shown below, the results of rate of return calculations should be used with caution. If results are not carefully interpreted and are accepted at face value, it is possible to draw incorrect conclusions. If it concerns an ex-ante
 analysis, the danger of misinterpretation is generally less. In those cases the net benefit stream is normally smooth and easily interpretable. But in an analysis of ex-post (realized) data, the situation may be different. In those cases the net benefit stream may fluctuate from one period to another. In business, profits may be followed by losses. In stock transactions, dividends and stock values may fluctuate sharply. In those cases it may be more difficult to evaluate the overall situation regarding profitability. Let us, therefore, look at the rate of return more closely.

3. There are two aspects that merit special attention, namely:


1. the conceptual basis; and


2. several technical questions, specifically



i) the timing of the revenue and/or expenditure (or benefits and/or costs) that result from the venture under consideration;



ii) questions pertaining to aggregation, which can be subdivided into:




- conditions to be fulfilled for error free aggregation;




- the relationship between RRs of an aggregated series and that of the initial series; and



iii) the phenomenon that a given set of data can give rise to multiple RRs.

In summary, it may be said that the rate of return is a useful concept, particularly because of its clear and easy interpretation. However, it has its limitations. It cannot be  applied to all situations one might encounter in practice. Moreover, there are several technical aspects that tend to distort the rate of return as generally computed. Therefore, it is necessary to carefully examine the results of rate of return analyses. This is particularly true in 

ex-ante analyses where there is a cut off point below which a project will be rejected and the calculated RR is close to that point.

Some Definitions and Clarifications
4. In this text, time series will be presented as a sequence of numbers separated by commas. The numbers of the series will be referred to as elements. The length of period to which each element applies may or may not be indicated, but all elements of a series apply to periods of equal length. The units used (dollars, francs, millions, thousands etc.) also may or may not be indicated, but all elements are expressed in the same units. 

5. The elements of all streams represent an expenditure or revenue from the point of view of the reader. If an element is negative, it represents an expenditure. If positive, it represents a revenue for the reader. The stream elements consist of net investments or returns (net benefits), i.e. if in a certain period there are both expenditures and revenues the stream element represents the difference between the two.

6. Comparisons between time series representing bank account transactions and those representing other ventures will frequently be made. In those cases, a deposit in a bank account will be given a minus sign since it represents an outlay for the reader and withdrawals will be signed positively since they represent a positive cash flow. Interest transactions will be signed positively if they are in favor of the account holder and negatively if they are in favor of the bank. Similarly, if a bank account balance is positive, it is in favor of the reader indicating a debt from the bank to the reader; if it is negative, it is the other way around. Finally, in bank account representations, the end of a period falls at its very end, so that the end of one period is equal to the beginning of the next.

7. RRs may be expressed as a percentage, in which case it is followed by a % sign, or as a fraction. Thus, a RR of 7.5% is equal to one of 0.075. Unless otherwise indicated, only RRs larger than -1.

8. "RR" will be used as an abbreviation for the term "rate of return". The symbol "rr" will be used as a variable in functions and equations. A RR is a value of rr that will satisfy the equations of para. 9 and the side condition mentioned in para. 20. A "root" is any value of rr that satisfies the equations of para. 9, but not necessarily the side condition. The term "time series" and "stream" will be used interchangeably. The * sign indicates the multiplication operatorand the / sign the division operator.


THE CONCEPTUAL BASIS
Defining the Rate of Return
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9. At the base of the rate of return calculation is the concept that the present value of a future payment equals 
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in which F is the future payment in period n and d is some discount rate. Similarly, a past payment is now worth
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in which G represents a payment made in the past. The discount rate may be the prevailing interest rate, a quantification of a person's time preference or still some other quantity depending on the application. The discount rate is normally positive but could be negative. For instance, negative interest rates do exist. The rate of return of a stream of net benefits is defined as the value of d at which the sum of all investments and payouts in the stream under consideration becomes zero. Mathematically, this comes down to calculating the value of rr for which[image: image18.wmf]


[image: image2.wmf]0

=

 

F(rr)


2
in which in the case of an ex-anta analysis:
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[image: image19.wmf]In the case of an ex-post analysis, the equivalent of F(rr) would be:

in which B0 is again the amount paid or received in period 0, i.e. the present and Bi is the amount received or paid i periods ago. The year 0 will always be considered the base year. Therefore, for identical series covering different time spans, B0 would equal An in the above two equations. It will be shown that the two equations are equivalent. The analysis in this paper is generally presented from an ex-ante point of view, but it is equally applicable to ex-post situations.

10. The above equations are not easy to solve without a computer if n is larger than 2, i.e. if there are more than 3 elements in the series. However, there are computer programs that will do so at various levels of ease.

Interpreting the Rate of Return
11. The great advantage in defining the RR this way is that it has a clear and easy interpretation.

The rate of return of a time series of net expenditures and revenues is equal to the rate of interest a bank would have to pay on deposits (and charge for loans)
 to generate sufficient interest to cover (together with the deposits) the revenues in the amount and timing as given in the series. The revenue would be withdrawn from the bank and produce no further income in the context of the rate of return calculation. 

12. As an example, assume that $100 is deposited in a bank account that pays yearly $8.36 in interest plus after 5 years $108.36 (interest over the last year plus the initial $100). The rate of return on this investment is 8.36% per year. Had the bank gone bankrupt and returned only $80 after 5 years instead of $108.36, the rate of return would have been only 3.02% per year. It is necessary to specify the period to which to rate of return applies. A rate of return of 10% per week is very different (and on the receiving end also much more attractive) than 10% per year.

13. As a second example, suppose that an investment of $1000 now,  would give rise to returns (revenues) of $20, $350, $685 and $200 respectively 1, 2, 3 and 4 years later. This series of revenue and expenditures also gives a rate of return of 8.36 percent per year, which is as much as the bank account gave in interest in the example of the preceding paragraph. The last stream is equivalent to a bank deposit whereby interest is paid over the outstanding balance at the rate of 8.36% per year (actually 8.358866%) as shown below:

Year
Outstanding balance at the beginning of the year.
Interest paid at the end of the year.
Deposit (-) or withdrawal made at the end of year.

0


-1000.00

1
1000.00
0.0836*1000.00=83.59
20.00

2
1063.59
0.0836*1063.60=88.90
350.00

3
802.49
0.0836*802.51=67.08
685.00

4
184.57
0.0836*184.59=15.43
200.00

5
0.00



14. The equivalency between RRs and bank interest rates can easily be shown mathematically in two different ways. Let Ai indicate the deposit or withdrawal made at the end of year i (the last column in the above table), n+1 the number of elements in the stream and rr the interest rate paid or charged by the bank. The bank will charge or pay n years interest on A0, n-1 years on A1 and 1 year on An-1. The final withdrawal or deposit An settles the account with the bank and the outstanding balance from there on will be zero. The sum of all deposits, withdrawals and interests paid will, therefore be zero. Hence:
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4
Division of both sides of the equation by (1+rr)n will give the equation of para. 9.

15. Alternatively, one might start from the fact that the bank pays 1 year interest on each of the outstanding balances. The outstanding balance at the beginning of year 1 is, of course, A0 , of year two (1+rr)*A0 +A1, of year three (1+rr)2 *A0+(1+rr)*A1 +A2 etc. At the end of period n the outstanding balance will again be equal to the left hand side of the equation of the preceding paragraph, which is required to be zero.

16. As a peculiarity, consider the case of a savings bank account in which an initial deposit of I dollars is placed, that pays  periodically R dollars in interest and that during at the end of period n pays back the initial deposit plus last year's interest (I+R). It can easily be shown that the RR is equal to R divided by I. To do this consider that the RR satisfies the following condition:
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With some reshuffling it will be found that the RR is independent of n (the length of time the savings account is maintained) and that
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It can easily be demonstrated that the same is true if the interest is not withdrawn but left in the account to accumulate further interest.

Some more examples

17. Suppose that a business man can engage in some activity that will require him to spend $100,000 in year 1. In year 2 he expects to receive $6,000 and in each of the following years 10% more than the previous year ($6,600 in year 3, $7,260 in year 4 etc.) until year 15. The stream representing these investments and payouts is given in the table below under the heading "Business Venture 1". The RR for the stream equals 6.25% per year. Column 3 gives the stream that represents a savings account that yearly pays 6.25% non-cumulative interest. While it is difficult to judge from the multidimensional streams themselves which one is more attractive, the RR constitutes a simple one dimensional means of judging the attractiveness of the proposed business venture. 

Period
Business venture 1
Bank savings account
Business venture 2

1
-100000.00
-100000.00
-100000.00

2
6000.00
6250.00
10000.00

3
6600.00
6250.00
1000.00

4
7260.00
6250.00
1800.00

5
7986.00
6250.00
21000.00

6
8784.60
6250.00
18000.00

7
9663.06
6250.00
4000.00

8
10629.37
6250.00
4500.00

9
11692.31
6250.00
39000.00

10
12861.54
6250.00
10000.00

11
14147.69
6250.00
1300.00

12
15562.46
6250.00
2500.00

13
17118.71
6250.00
18000.00

14
18830.58
6250.00
0.00

15
20658.89
106250.00
50000.00

18. Like all one-dimensional representations of multi-dimensional objects, the RR has its limitations. In particular, it does not take into account what happens to the returns. The bank pays only interest on the outstanding balance, not the amounts that have been withdrawn. If interest rates in years 2 to 14 turn out to be very high and in year 15 drops to almost zero, business venture 1 might be more attractive since its returns can be invested in high yielding instruments while the high payout in year 15 of the savings account misses the boat. Still, the RR provides a strong point of reference and it requires specific counter arguments to overturn its "recommendation". The reader might try to decide for himself whether Business Venture 2 (represented in the above table in column 4) is more or less attractive than Business Venture 1 and then test his conclusion against their RRs.

Necessary but not Sufficient
19. A RR must render F(rr)=0, but this is not sufficient. To illustrate this, consider the case of an investor, who borrows $1000 from his bank to buy stocks. His stocks perform badly and with the interest payments on his loan, he loses $30 in year 1, $90 in year 2 and $60 in year 3. In year 4 he loses another $20, sells his stock for the same price he bought it and repays his loan. The time series representing this transaction is 1000, -30, -90, -60, -1020. The value of rr for that series that makes F(rr)=0 is a surprising +5.03% per year. How is it possible that an obviously unprofitable investment shows a positive RR?

20. The reason is that a RR must not only satisfy the condition of para. 9 (i.e. make F(rr)=0), but also another condition, a side condition. 

For a positive root of F(rr) to be a RR, the returns must be positive and for a negative value, the returns must be negative. Returns in this context are revenues over and above the investments made. Thus, if there are positive returns, the sum of the elements will be positive and if there are negative returns, it will be negative.

In the case of the unlucky investor, the side condition was not satisfied.

21. This brings out a peculiarity in the RR. From the equation of para. 9, it is clear that its roots do not change if we multiply all terms of F(rr) by -1, i.e. if we change the signs of all elements in the stream in question.
 Therefore, from any series with a positive sum and a positive RR, we can derive a series that has a negative sum and a positive RR. The same applies m.m. for series with a negative sum. Consequently, for every stream that has a RR, there is a stream that has no RR, this being the same stream with its signs reversed. It may or may not also have a negative rate of return. In the unlucky investor case, there is a negative root of F(rr) = 0 (-2.005) but this is smaller than -1 and is, therefore, not considered a RR.

22. What RR should now be assigned to the transaction of the stock speculator? Suppose we changed the side condition and said that whatever the sign of the root of F(rr), the RR would be +|rr| (the absolute value of rr) if the returns were positive and -|rr| if they were negative. In other words we would simply say that if a series with negative returns gave rise to a positive RR, we would simply put a minus sign in front of it. And vice versa for positive returns and a negative RR. However, that would put the great advantage of the RR as defined above (its easy and clear interpretation) in jeopardy. The RR thus defined would not clear the books in a comparable bank transaction. As shown below, there would remain a balance after the stock transaction was completed. Consequently, the analogy with a bank transaction does not apply and for that reason, the proposal must be rejected. In conclusion, we must say that this series has no RR > -1.

Year
Outstanding Balance at Beginning of Year
Interest Paid at End of Year
Deposit (-) or Withdrawal made at End of Year

0


1000.00

1
-1000.00
-0.0503*-1000.00=50.30
-30.00

2
-917.70
-0.0503*-917.70=46.26
-90.00

3
-783.44
-0.0503*-783.44=39.41
-60.00

4
-684.03
-0.0503*-684.03=34.41
-1020.00

5
+370.38



The Scope of the RR
23. The RR is often referred to as the "internal rate of return". The qualification "internal" refers to two aspects. First, it refers to the entity to which the RR applies. For example, an industrial plant could yield nice profits and a nice positive RR for its owners. The RR, however, might be only valid if we did not look outside the power plant. The plant might produce pollution or entail costs (for example for infrastructure) that are not born by the owners, so that, for society as a whole, there might be, on balance, no positive returns and no positive RR. The RR would, therefore, be internal to the plant in question. Secondly, it refers to the fact that (as noted in para. 18) the RR does not take into account what happens to the revenues in the stream, unless specifically taken into account. This is important to keep in mind. For instance, in the bank savings account example of para. 17, it has not been taken into account what happened to interest payments of $6250. Did they produce any revenue of their own or were they consumed without further consequence? In summary, it is important to realize what the RR is "internal" to and what the boundaries are of the entity to which the stream applies.

24. Sometimes a RR is qualified as being "economic" or  "financial". In economic rate of return calculations costs and benefits are valued at their economic prices (opportunity costs or border prices) rather than financial prices and double counts (subsidies, indirect taxes and other transfer payments) are eliminated. In financial rate of return calculations costs and benefits are valued at prices actually realized or to be realized. There can be considerable differences between economic and financial RRs for one and the same venture, especially in situations, where  overvalued exchange rates, systems of price control and subsidization and, in general, widespread and heavy price distortions exist.


THE TECHNICAL ASPECTS
A Closer Look at F(rr)
25. Before proceeding to the topics mentioned in para. 3, we should have a closer look at F(rr) as defined in para. 9. This reveals the following.


i) For rr = -1, the denominators in the ex-ante situation become zero and F(rr) is not defined. Although F(rr) is defined for rr < -1, the interpretation becomes nonsensical. In particular, the present value of an amount received an even number of years ago would be positive, but of one received an odd number of years ago would be negative. Therefore, rr  > -1 is normally considered the lower limit of RRs.


ii) The elements in the stream can all be multiplied or divided by a real number without changing the RR. This has some important implications:



a) The expression of all elements of a stream in different units (e.g. in millions as in 37.2 versus 37200000) will not affect the rate of return of the stream. However, rounding does affect the rate of return. Normally, small rounding errors will not affect it significantly but rounding can make a significant difference (see para. 43).



b) Any value of rr for which F(rr)=0 will also cause H(rr)=0, in which
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Now, H(rr) has n real or imaginary roots. Does that imply that a stream can have more than one rate of return? This question is considered in paras. 39-43.



c) F(rr) has the same roots as -F(rr). The consequences of this have been examined in para. 19-22.



d) It has a convenient implication with regard to the timing of the occurrence of the stream elements (see para. 28).

iii) If the sum of all stream elements equals zero, the RR is zero.

iv)
Any number of elements equal to zero can be added at the beginning or end of the series without changing the RR.

Timing
26. The RR is the discount rate whereby the sum of the present values of all stream elements equals zero. If we were very precise, we would count the number of days from the present to the date the various stream elements were paid or received and discount each of them accordingly. In effect a much more crude method is normally followed. In the majority of all cases, all revenue and expenditure are added during a certain period, often a year, and reduced to their present value by counting the number of periods elapsed since the base period. If the revenue and/or expenditure is fairly similarly distributed within the various periods (as they might for example be in the case of a retail store), this is still acceptable since on average the stream elements are received and/or paid at about the same time within each period. Their average "effective" date in this context is the weighted (by amount) average of the number of days elapsed since the beginning of the year at the time the various amounts aggregated into the single element were received. If, however, the average effective dates of the stream elements are not about the same, an element of error is introduced if that variation in timing is ignored.

27. Timing errors can be significant. 

If there are severe discrepancies in timing, i.e. if it is known that the average effective dates differ considerably, the chosen period length should be reduced in size. Semesters, quarters, months or even days may be used instead of years.

Consider the case in which a payment of $100000 is made on January 1 of year 1, a first payout of $55000 is received on October 1 of year 2 and a second payout of $60000 on December 1 of year 3. If the RR is calculated on a yearly basis it is 9.70 percent per year. If it is calculated on a monthly basis (as should be done) it is 0.50 percent per month which equals 6.17 percent per year. The rate calculated on a monthly basis is lower because it takes the unfavorable discrepancies in timing within the periods into account.

28. The following should be noted.

It does not matter around which point (date) within a period the stream elements are centered provided that point is the same for all elements (periods).

If all elements are centered around October 1 and July 1 would be our reference date, the deflator (to July 1 of year 0) of element Ak in function F(rr) of para. 9 would be (1+rr)((12*k+3)/12, in which k is the number of entire years elapsed since July 1 of the base year. However, we can multiply both sides of the equation F(rr)=0 by (1+rr)3/12 without changing the RR, which reduces the equation to one where the elements are centered around July 1. This operation may be either regarded as a relocation of the stream elements to the middle of the periods or as a shift of our present value reference date to October 1.

Aggregation
29. By aggregation is meant the process of combining stream elements into periods of longer duration. Aggregation is a dangerous process and may lead to erroneous results. One common form of aggregation is adding all revenue and expenditure within a period. As said in para. 26, this is acceptable as long as the average effective dates of all stream elements are approximately the same. However, often insufficient attention is paid to this. To illustrate the  distortions that can result from aggregation, consider the following example. The data are given by month, than aggregated through addition to data by quarter, by semester and by year. For each series, representing the same stream, the rate of return is shown.

Monthly Series
Quarterly Series
Half-Yearly Series
Yearly Series

Month
Amount
Quarter
Amount
Semester
Amount
Year
Amount

1
-1000
1
-980
1
-950
1
-890

2 - 25
+10
2 - 11
+30
2 - 5
+60
2
+120

36
+1010
12
+1030
6
+1060
3
+1120










rr = 1.00%/month
rr = 3.22%/quarter
rr = 7.23%/semester
rr = 19.12%/year

Equivalent to 12.68%/year
equivalent to 13.51%/year
equivalent to 14.98%/year
equivalent to 19.12%/year










30. It is not surprising that the rate of return goes up with increasing aggregation. Clearly it is a question of timing. The heavy pay-in and pay-out at the beginning and the end of the 36-months period get diluted and in the yearly aggregation are situated in the middle rather than the extremes of the year. So in the case of the yearly figures the pay-in takes place later and the pay-out earlier. It is true that the error thus introduced becomes less important as the series is longer. Had the above example not spread over 3 years but over 50 years (month 1: -1000; months 2-599: +10; month 600: +1010) the RRs would have been:


1.00% per month




equivalent to 12.68% per year


3.06% per quarter




equivalent to 12.81% per year


6.32% per semester




equivalent to 13.04% per year


13.49% per year




equivalent to 13.49% per year

Conditions to be Satisfied for Error Free Aggregation
31. Let us consider what the relationship is between RRs of series that are aggregated through summation and that do not violate the timing constraint. However, let us first see what the timing constraints are. In other words, assuming that the elements of the initial series all center around the same date, which conditions must be satisfied for all elements of the aggregated series also to center around a same date (although not necessarily the same date as that of the initial series).

32. For the initial series it is true that, if rr equals RR:



[image: image8.wmf]0

1

1

1

1

 

=

 

)

rr

 

+

 

(

A

 

+

  

.

 

.

 

.

  

+

 

)

rr

 

+

 

(

A

 

+

 

)

rr

 

+

 

(

A

 

+

 

rr)

 

+

 

(

A

 

+

 

A

 

n

n

3

3

2

2

1

0


8
Moreover, assume that each element of the initial series is positioned in the middle of each period. This is not an added constraint since we can relocate the stream elements as shown in para. 28. Suppose also that we want to aggregate the series by adding together each subsequent group of g elements. In case n+1 is not a multiple of g, we add elements of 0 until it is. For the sake of simplicity, we also want the sum of two subsequent elements to be positioned in the middle of the g-period period. Under those circumstances, if we want to aggregate by adding each two subsequent elements (i.e. g=2) it must be true for each i (0<= i <=n) that the weighted average of their effective dates (i+0.5 and i+1.5) equals i+1. Consequently, Ai must equal Ai+1 .
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Similarly, for g=3 we find that Ai must equal Ai+2.
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For g=4 the condition is 1.5*Ai+0.5*Ai+1 = 0.5*Ai+2+1.5*Ai+3 and for g=5 it is 2*Ai+Ai+1 = Ai+3+2*Ai+4.

33. The conditions for other values of g can easily be derived. It is also not difficult to derive the conditions to be satisfied in case the effective dates of the initial series are not situated in the middle of the period or if they are different. This is hardly worthwhile, however. 

The above conditions, which correspond to the simplest case, are already so stringent that, although there exist series that can be aggregated without introducing errors, they are unlikely to be encountered in reality. It must, therefore, be realized that, in practice, errors are introduced by aggregating data.

Worse, if only the aggregated and not the underlying data are available, one can only be sure that there is some aggregation error, but not how serious it is. However, since it will not be possible (and possibly also not worthwhile) to disaggregate the data and since consequently it is not known whether the error is downward or upward, the computed RR can still be accepted as a best estimate.

The Relationship Between RRs in Series Aggregated by Summation
34. Suppose that we deal with a series that can be error free aggregated, i.e. a series that satisfies the conditions of para. 33 above. Suppose, moreover that we want to aggregate the series by adding each subsequent group of two elements together. What will be the relationship between the RRs of the initial and the aggregated series?

35. To answer the question let us see what we have as a starting point. Calling the RR of the initial series ri and that of the aggregated series ra and assuming that there are 2k elements, we have:
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and
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Since we are dealing with a series that can be aggregated error free, the following is also true:


[image: image13.wmf].

A

 

=

 

A

  

.......

  

,

A

 

=

 

A

 

,

A

 

=

 

A

 

,

A

 

=

 

A

1

-

2k

2

-

2k

5

4

3

2

1

0


13
With some reshuffling, it follows that:
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In general, if we aggregate through the summation of each subsequent group of n elements, we find in the case of error free aggregatable series that 




1 + ra = (1 + ri)n  or  ra = (1 + ri)n - 1

in which:




ri = the RR of the initial series; and




ra = the RR of the series after aggregation.

Therefore, if say a RR per month is to be converted to a RR per year, 1 must be added to the monthly RR (expressed as a fraction), the sum raised to the power 12 and 1 subtracted from the result.

36. Strictly speaking, the conversion procedure of the preceding paragraph does only apply to series that can be error free aggregated. However, when dealing with series of which we do not know whether the aggregation error distorts the RR upward or downward, the best way to convert RRs is still to use the procedure of the above paragraph.

37. Simply multiplying a monthly rate by 12 to obtain a yearly rate leads to wrong results. A montly rate of 1.2% per month is equivalent to a yearly rate of 15.4%, not 14.4%. The larger the rate, the bigger the error. A montly rate of 12% per month is equivalent to almost 290% per year, not 144%.

38. The table on the next page shows a series of monthly data that can be error free aggregated into data per quarter, semester and year.

RRs OF SERIES OF DIFFERENT PERIODICITY DERIVED FROM A SINGLE DATA SOURCE

Month
Amount
Quarter
Amount
Semester
Amount
Year
Amount

1
-100
1
-300
1
-600
1
-1200

2
-100







3
-100







4
-100
2
-300





5
-100







6
-100







7
-100
3
-300
2
-600



8
-100







9
-100







10
-100
4
-300





11
-100







12
-100







13
50
5
150
3
300
2
600

14
50







15
50







16
50
6
150





17
50







18
50







19
50
7
150
4
300



20
50







21
50







22
50
8
150





23
50







24
50







25
80
9
240
5
480
3
960

26
80







27
80







28
80
10
240





29
80







30
80







31
80
11
240
6
480



32
80







33
80







34
80
12
240





35
80







36
80









rr = 1.38%/month
rr = 4.20%/quarter
rr = 8.57%/semester
rr = 17.87%/year

It shows indeed RRs that satisfies the formulas of para. 35, notably:



0.0420 = (1+0.0138)3 - 1, 



0.0857 = (1+0.0138)6 - 1, 



0.1787 = (1+0.0138)12 -1, 



0.0857 = (1+0.0420)2 -1, 



0.1787 = (1+0.0420)4 - 1 and 



0.1787 = (1+0.0857)2 - 1.

Multiple Roots
39. It was said above that the equation of para. 25.II.b  has n real or imaginary roots. No simple criterion can be given to determine how many of the roots are real. However, there can be more than one real root. For example, the series 1000, -4560, 7170, -4675, 1075 has 3 roots, namely -43%, -19% and 12% per period. Which one should we take as the RR?

40. In the above example the answer is easy. The sum of the elements of the series is positive and, therefore, the solution of 12% per period is the only admissible RR. However, consider the series of the following seven elements: -74000, 444000, -1084100, 1376401, -956517, 344234 and -50000. This series has at least 6 roots namely -50%, -30%, -10%, 11%, 30% and 50%. It is easy to eliminate either the positive or the negative roots. In this case the sum of the elements is positive and, therefore, only positive roots are admissible. Still, there remain three: 11%, 30% and 50% per period. Which positive root should we take as the RR?

41. The following are representations of the bank transactions that would correspond to RRs of 11%, 30% and 50% per period. For a RR of 11% (actually 10.592404%) they would look as follows:

Period
Outstanding Balance at Beginning of Period
Interest Paid at End of Period
Deposit(-) or Withdrawal made at End of Period

0


-74000.00

1
74000.00
7838.38
444000.00

2
-362161.62
-38361.62
-1084100.00

3
683576.76
72407.21
1376401.00

4
-620417.03
-65717.08
-956517.00

5
270382.89
28640.05
344234.00

6
-45211.06
-4788.94
-50000.00

7
0.00



For a RR of 30% (actually 29.550915%) they would be:

Period
Outstanding Balance at Beginning of Period
Interest Paid at End of Period
Deposit(-) or Withdrawal made at End of Period

0


-74000.00

1
74000.00
21867.68
444000.00

2
-348132.32
-102876.29
-1084100.00

3
633091.39
187084.30
1376401.00

4
-556225.31
-164369.67
-956517.00

5
235922.02
69717.12
344234.00

6
-38594.86
-11405.14
-50000.00

7
0.00



And for a RR of 50% (actually 50.126028%) they would be:

Period
Outstanding Balance at Beginning of Period
Interest Paid at End of Period
Deposit(-) or Withdrawal made at End of Period

0


-74000.00

1
74000.00
37093.26
444000.00

2
-332906.74
-166872.93
-1084100.00

3
584320.34
292896.57
1376401.00

4
-499184.09
-250221.16
-956517.00

5
207111.75
103816.90
344234.00

6
-33305.35
-16694.65
-50000.00

7
0.00



42. All three RRs (11%, 30% and 50%) can, therefore, be translated into a series of possible bank transactions.  This computer program takes the lowest value and presents this as the RR. However, this is arbitrary and, in fact, it is not possible to find a general criterion to eliminate two of the three and declare the remaining one the only valid RR.

One might not often encounter series with multiple RRs, but it there is a possibility, particularly in series of ex-post data. It is, therefore, necessary to remain alert to the possibility of the multiple roots phenomenon.

43. The series of para. 40 also provide an example, albeit a rather extreme one, of the distortive effect of rounding on the RR. If we would round the elements to thousands (-74, 444, -1084, 1376, -957, 344 and -50) we would find that the rounded series had no RR at all. If we had moreover rounded element -956517 down to -956 rather than up to -957, the series would have a 0% RR. While we should and would not expect to find in practice such drastic effects of rounding, we must realize that it does affect the RR to some (and, as demonstrated, possibly significant) degree.

CONCLUSION

44. The rate of return concept is useful, but insight in its characteristics and limitations is necessary to apply it correctly. In ex-ante analyses, where the series under consideration can sometimes be more easily interpreted the chances for errors are least. Even there, however, the analyst should look at the timing aspect and consider the aggregation errors to try to see in what direction the calculated RR is distorted. For ex-ante analyses, the series may fluctuate considerably and the overall result may be less clear. In those cases it should be first established whether there may be a positive RR by adding the series' elements. If there proves to be one, it should be further looked at for timing and aggregation distortions.










Boston, Va., May 2, 1999.
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� An ex-ante analysis is performed on data representing future, anticipated/estimated costs and returns. Ex-post analyses are concerned with past, realized costs and returns.


� Perhaps somewhat irrealistically, the rate the bank would charge for loans and  pay on deposits would be the same.


� Graphically this means that the F(rr) function is rotated upside down around the x-axis.
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